We study the nonlinear generalized Schrödinger-Poisson system: 
Introduction
Consider the existence and multiplicity of nontrivial solutions for the nonlinear general- 
Such a system arises in an interesting physical context. If we look for solitary solutions of the Schrödinger equation for a particle in an electrostatic field, we just need to solve (.). We refer the interested readers to [, ] for more details of the physical aspects.
With the aid of variational methods, under various hypotheses on V (x), K(x), and f (x, u), system (.) has been extensively investigated over the past several decades. See for example, Benci In recent years, there has been a lot of research on the existence of solutions for system (.) with f (x, u) = |u| p- u and the potential V (x) being radially symmetric or nonradial. http://www.boundaryvalueproblems.com/content/2014/ 1/196 In [, ], the authors proved the existence of infinitely many pairs of high energy radial solutions when  < p < , and also obtained some existence results for  < p ≤ . Sun [] studied the existence of infinitely many solutions when p ∈ (, ). The problem of finding infinitely many large energy solutions is a very classical problem. There is an extensive literature concerning the existence of infinitely many large energy solutions of (.). Chen and Tang [] obtained infinitely many large energy solutions by the following variant ' Ambrosetti-Rabinowitz' type condition (AR for short)
where By using the method of a cut-off function and the variational arguments, the authors [] studied the following Schrödinger-Poisson system:
where ⊂ R  is a bounded domain with smooth boundary ∂ ,  < p < , ε, η = ±, f : R → R is a continuous function and F(t) := t  f (s) ds. They proved the existence and multiplicity results assuming on f a subcritical growth condition and also they considered the existence and nonexistence results in the critical case. Lately, Li and Zhang [] discussed (.) with V (x) and K(x) being constants and obtained the existence of a positive radially symmetric solution without compactness conditions. Motivated by the above facts, in the present paper our aim is to study the existence of infinitely many solutions for system (.). To the best of our knowledge, the existence and multiplicity of nontrivial solutions to system (.) has never been studied by variational methods, where g is a more general function, f (x, u) = |u| p- u is also general, and V (x) and K(x) may be non-radial symmetrical and non-periodic. Before we state our main result, we list some conditions as follows, which have a role to play.
(g) g ∈ C(R, R) and there exist constants c > ,
(g) G(u) ≥  for all u ∈ R, and there exists a constant ϑ  ≥  such that
where  * =  is the critical exponent for the Sobolev embedding in dimension .
(f) For a.e. x ∈ R  , there exists a constant ϑ  ≥  such that
Our main result reads as follows.
Theorem . Assume that (V), (K), (g)-(g), and (f)-(f) hold; the problem (.) possesses infinitely many nontrivial solutions
Remark . It is well known that the (AR) condition is used to guarantee the boundedness of (P.S.) sequences of the corresponding functional. However, there are functions satisfying the assumptions (f)-(f), but not satisfying the (AR) condition, for instance,
to solve the problem (.). We claim that our condition (f) is more general than (f ). In fact, setting ϑ  = , we find thatF(x, t) is increasing in R + with respect to t. Moreover,
Remark . It is easy to present many functions satisfying (g)-(g), for example,
, and so on. Moreover, setting K(x) = , g(u) = u in (.), we can obtain similar results to the problem (.) in [] . But our proof is different from [] . For this reason, we use a small step.
Remark . Since we have the lack of the (AR) condition, in order to obtain the boundedness of (P.S.) sequences (see the proof of Theorem .), we assume the range of α in (g) is   < α < , i.e. α is subquadratic, but that of reference [] is superquadratic and there exist some functions which satisfy the condition (f ) in [] that do not satisfy the conditions (g) and (g), for example, g(u) = u  .
The outline of the paper is as follows: in Section , we present some preliminary results, which are necessary for Section . In Section , we give the proof of Theorem .. Throughout the paper we shall denote by C i >  various positive constants.
Preliminaries
In this section we outline the variational framework for the problem (.) and give some preliminary lemmas. Define the function space
Then E is a Hilbert space equipped with the inner product and norm
where
is the norm of the usual Lebesgue space
It is well known that the embedding
It is clear that system (.) is the Euler-Lagrange equations of the functional Lemma . For any u ∈ E, we have
Proof By the condition (g), we find that there exists C  >  such that
Then, by the Minkowski inequality and (.), we have
By the Sobolev embedding theorem, K(x) ∈ L ∞ (R  ), K(x) ≥ , and (.), we have
. Hence, the Lax-Milgram theorem implies that, for every
Using integration by parts, we get
in a weak sense. We can write an integral expression for φ u in the form
, and (g) that φ u ≥ , and φ -u = φ u for any u ∈ E. By (.), (.), and
for any u ∈ E we get
The proof is complete.
We consider the functional I : E → R defined by I(u) = J(u, φ u ). By (.), the reduced functional takes the form
By (f) and (f), for any ε > , there exists c(ε) >  such that, for all
Therefore, by (f), we obtain
Then, by Lemma ., I is well defined and is a C  functional with derivative given by
Now, we can apply Theorem . of [] to our functional I and obtain the following.
Lemma . The following statements are equivalent:
is a solution of (.);
() u is a critical point of I and φ = φ u .
Since we do not assume the (AR) condition, the verification of the (P.S.) condition becomes complicated, so we use the following variant fountain theorem introduced in [] without the (P.S.) condition to handle the problem (.).
Theorem . Let E be a Banach space with · and E
Consider the following C  functional ψ λ : E → R defined by
where A, B : E → R are two functionals. Suppose that (F) ψ λ maps bounded sets to bounded sets uniformly for λ ∈ [, ]. Furthermore,
Proof of Theorem 1.1
In order to apply Theorem . to prove our main result, we define the functional ψ λ on our working space E by
We choose a completely orthonormal basis {e j : j ∈ N} of E and let X j = span{e j } for all j ∈ N . Then Z k , Y k can be defined as those in Section . Note that ψ  = I, where I is the functional defined in (.). We further need the following lemmas.
Lemma . Let (V), (K), (g), and (f) be satisfied, then there exist a positive integer k  and a sequence ρ k → +∞ as k → ∞ such that
By (V), (K), (f), (.), (.), and the fact that R  K(x)φ u G(u) dx ≥ , we have
It follows from (.) that there exists a positive integer k  such that εl
since  < ν <  * . By (.) and (.), direct computation shows
Lemma . Under the assumptions of (V), (K) and (f)-(f), then for the positive integer k  and the sequence {ρ
Proof It follows from (f) that, for any M > , there exists δ = δ(M) >  such that, for all x ∈ R  , |u| > δ,
From (f) and (f), there exists C  = C  (M) >  such that, for all x ∈ R  and  < |u| ≤ δ,
Then, by the mean value theorem, for all x ∈ R  ,  < |u| ≤ δ, we obtain
, combining (.) with (.), we get
For u ∈ Y k , by Lemma . and (.), we have
where in the last inequality we use the equivalence of all norms on the finite dimensional subspace Y k . Let us choose M large enough such that
The proof is complete. 
Furthermore, it follows from the proof of Lemma . that Then, choosing n sufficiently large such that
